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We derive asymptotic formulas for convolution operators with spline kernels for
differentiable functions. These formulas are analogous to Bernstein’s extension of
VYoronovskaya’s results on Bernstein polynomials for functions with higher order
derivatives. Two classes of operators are considered, viz., the de la Vallée Poussin—
Schoenberg operators with trigonometric spline kernels and the singular integrals of
Riemann-Lebesgue with periodic polynomial spline kernels. The former includes
the de la Vallée means as a special case. " 1995 Academic Press. Inc.

1. INTRODUCTION

The variation diminishing spline operators or Bernstein—Schoenberg
operators for continuous functions are a spline extension of the Bernstein
polynomial operators. Their properties are reminiscent of those of the
Bernstein polynomials. They were introduced by Schoenberg [15], where
among other results an analogue of Voronovskaya’s formula on the
asymptotic behaviour of the operators for twice differentiable functions was
stated. Recently Marsden and Riemenschneider [11] (see also [7]) gave
an extension of the asymptotic formula for functions with higher order
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derivatives; an extension which was in line with Bernstein’s extension of
Voronovskaya’s result for the Bernstein polynomial operators [1].
The de la Vallée Poussin means of a 2z-periodic integrable function f,

1 .3
Vil S ) .=-2—7;J_nf(t)w,,,(x—r)dt, xe[0, 2r), (1.1
where
Ay e < ___i{n_'lz_______ ivx
w"’('\)'_vzzfm(m—v)! (m+v)! xeR, (1.2)

and m a positive integer, are trigonometric analogues of the Bernstein poly-
nomials. They are shape-preserving trigonometric convolution operators
[13]. A spline extension of the de la Vallée Poussin means consists of the
convolution operators

1 n
T fi V=T, sl fix) =52 | i tulx=ndr (1.3)
Y n
where m, k are positive integers with k = 2m + 1 and

Hx)=1,, (x):= z £,e™ (1.4)

veZ

with Fourier coefficients

(m")? (sin(m —v) /2 - - sin b/2)(sin(m + v) b2 - sin h/2) W <m

. (m—v)! (m~+v)! (sin 4/2 - - sin mh/2)? ’ =
k(m")? sin(v —m) B2 sinv —m + 1) Bj2 - - sin(v + m) b2 > m
a(v—m)- - (v+m)(sin b2 - sin mhj2)? ’ ’

t,=

(1.5)

where h :=2n/k. The function 7, , is a trigonometric B-spline of degree m
[ 16, 5]. We shall call T, the de lu Valiée Poussin-Schoenberg operators. If
k=2m+ 1, they reduce to the de la Vallée Poussin means.

A related sequence of operators is the sequence of singular integrals of
Riemann-Lebesgue (see [ 2, p. 54]),

1 n
R(f;x)=R, (f;x) :=2—nf7 S b, ((x—1)dt, (1.6)

640:83:2-4
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which are convolution operators in which the kernels are defined by their
Fourier series expansions

sin fiv/2\"
b, (X)) = < > e, xeR, (1.7)
* Z, hv/2

where n, k are positive integers and # :=2n/k. The functions b, , are the
periodic polynomial B-splines of degree n —1 supported on the interval
[ —nh/2, nh/2] (see [12] and also Section 4).

The following asymptotic formula for the de la Vallée Poussin means of
a twice differentiable function is due to Natanson (see [8, p. 115]).

TueoreM 1.1 (Natanson). If f2(x) exists,

lim (m+ D4V, ) —f(x)} =), (1.8)

n - oL

This is a trigonometric analogue of Voronovskaya’s estimate for Bernstein
polynomials. In line with Schoenberg’s extension of Voronovskaya’s
theorem to variation diminishing spline operators, it was shown in [6]
that the following holds for the de la Vallée Poussin—Schoenberg operators
T, «(f: ) if £2(x) exists,

= 2 2

lim (m+ D{T,, (/;x)—f(x)} = <1 —2 cot E)f‘z’(x)‘ (1.9)
nih— a
where the limit is taken as m — oc and mh —ae(0, n].

Our object is to derive asymptotic formulas for the de la Vallée
Poussin-Schoenberg operators and the singular integrals of Riemann-
Lebesgue for higher order differentiable functions, in the same vein as
Bernstein’s extension of Voronovskaya’s estimate for Bernstein polyno-
mials, and Marsden and Riemenschneider’s extension of Schoenberg’s
result on Bernstein-Schoenberg operators. The main theorems are stated in
Section 2. A preliminary result on the asymptotic behaviour of a sequence
of positive convolution operators with even kernels is given in Section 3. It
depends on the asymptotic estimate for the trigonometric moments of their
kernels. A detailed analysis of the asymptotic behaviour of the tri-
gonometric moments of the periodic polynomial B-splines b, ,, together
with the proofs of Theorems 2.1, 2.2, and 2.3 are given in Section 4. The
proof of Theorem 2.4 for the de la Vallée Poussin—Schoenberg operators is
analogous to that of Theorem 2.1. Although the computations are more
involved the analysis of the asymptotic behaviour of the trigonometric
moments of t, , is the same as that for b, ,, and the details will be
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omitted. However, the same method does not work for Theorem 2.5. In
this case an asymptotic estimate for the trigonometric moments of the
trigonometric B-spline kernels is obtained via their recurrence relation.
This is given in Section 5.

2. THE MAIN THEOREMS

To state the main theorems we require the combinatorial numbers which
are the coefficients in the expansion of the central factorial polynomials,

n—1
.\‘n<.\'—g+j>, n>0

xtnl=¢ 1

(2.1)
1, n=0,

where n> 0 is the degree of the polynomial x["!. The coefficients #(n, j) in
the expansion
XU =% 4(n, j) X7, neN, (2.2)

j=0

are called the central factorial numbers of the first kind (see [ 14, p. 213]).
In (2.2), N, denotes the set of nonnegative integers. We shall also use N
for the set of natural numbers.

The asymptotic formulas for the convolution operators involve the tri-
gonometric moments of their kernels. For an even 2n-periodic integrable
function ¢, its trigonometric moment of order 2j, je Ny, 1s defined by

| 1N\
Ml_,-(¢):=§; (2sm51> o(t) dt. (2.3)
For s, veN, let
(1) (2, 2)
a, (¢):=3 , M, (¢),
J=v (2])‘ i

and let C., denote the class of continuous 2r-periodic functions. We shall
prove the following theorems.

THEOREM 2.1.  Suppose n, s € N with s <n. If fe C,, and its derivatives up
to order 2s exist at xe(—mn, n), then

1 |
lmaﬁquz%mme%=uwmmuxaﬂ
v=20_0

h—o h*
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where B% is a polynomial in n of degree s with leading coefficient
(=1Y /(41 s, Further, B can be evaluated by the following algorithm:
For ke N,

(=1~
) .
b T2+ 112 (2:3)
and for r=2,3, ., n,
Bii=2% BB, (2.6)
yv=10

THEOREM 2.2. Suppose se N. If fe C., and its derivatives up to order 2s
exist at xe(—m, n), then

A 1 ) ! . 1V f2(x)
—_— X)) — <v = —_ 7
:LT‘O (nhz)y{Rn(.f,-\) v}::() ay (b, ) S (X)} (4!> . (2.7)

THEOREM 2.3. If fe C,, and its derivatives up to order 2s exist at x €
(—m, m), then

s—1 2\ 5 £025)f 4
i o (R0 = % a0 =(5 )L s
i v=0 ’ o

where the limit is taken as n — oo and nh— > 0.

Corresponding to Theorems 2.1 and 2.3 we have the following results for
the de la Vallée Poussin-Schoenberg operators T, ,. However, we are
unable to obtain a similar result for 7,, ; corresponding to Theorem 2.2.

THEOREM 2.4. Suppose m,se N with s<m. If fe C,, and its derivatives
up to order 2s exist at xe{—mn, nt), then

l st (2 o Y
hﬁm—{rm.k(f; - as.v<rm‘k)f‘~“<x)}=(—l)“ a7 x),(29)

2
oh*” o

where o is a polynomial in m of degree s with leading coefficient
(—1)/(3!2)" s\, Further, & can be evaluated by the following algorithm:
For keN,

0. (_l)h

(Xh_.=m, (210)
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and for r=1, .., m,

o =y Ty (2.11)

THEOREM 2.5. If fe C,, and its derivatives up to order s exist at
xXe(—n, m),

nr— I
nih — x

s—1
lim m’ {Tm.k(f; x)— Y a, v(r,,,‘,‘.)f'z”’(.‘c)}=<l —{—x-(:otE
y=0

where the limit is taken as m — oo and mh—oe(0,n].

The special case of Theorem 2.5 with k =2m+ 1 or h=2n/(2m + 1) gives
the following result on the asymptotic estimate for the de la Vallée Poussin
means V,(f; x) for functions with higher order derivatives. In this case
T, c=V,anda=n

CoRrOLLARY 2.1. If fe C,, and its derivatives up to order 2s exist at x e
(—m, ),

. . s—1 . f12.v '(,\‘)
lim m* {Vm(f’ X)— Z ds, \A((Um)f“”(x)}z-—s_‘—' (213)
7 — o . v =0 -
3. PosiTivE CONVOLUTION OPERATORS WITH EVEN KERNELS
For ne N, let
K(fix) = 7 e kolx eC 31
n(fs-Y)'_znj_"f(t) n('\_t)w fE 27 ( . )

be a sequence of positive convolution operators with even kernels &, which
are nonnegative and normalized so that

| ,
Ej,nk”“)dtzl' (3.2)

The asymptotic formulas for K, involve the trigonometric moments of its
kernel k,. We shall require the following Taylor expansion (see [4, 19]),

<1y 2 p!

(p+2j)'t(p+2j,p).\“’+lj, x| <1, (3.3)

(arcsin x)” =

I
Lpvs

J
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where pe N. For even p, (3.3) can be written in the form

G Lo 1\ |
t —jgv(—l)f (~2—j—)!r(2],2v)<2sm§t>, |t <=, (3.4)

where t(n, j) are the central factorial numbers.
We observe that for je N, x1#1=TT/-s (x> —[?). Therefore,
2 j—1
Y #2j,vyxt =[] (x*=1?). (3.5)

v="0 =0

It follows that 1#(2j, 2j) =1 and #(2j, 0) =¢(2j, 2v— 1) =0, for all v. Further-
more, #(2m, 2v) satisfy the following partial difference equation:

1(2m 42, 2v) =t(2m, 2v—2) —m*t(2m, 2v), (3.6)

with initial conditions
1(2,0)=0, 12,2)=1 (3.7)

In Eq. (3.6) which is readily obtained from (3.5), we have assumed that
t(2m, 2v) =0 for v <0 or v>m. It follows easily from (3.5) that

sgn(H(2), ) =(=1)*",  v=1,2,..J

Hence the series in (3.4) is a positive series.

THEOREM 3.1.  Suppose for je N, the limit lim, _, . n/ M, (k,) exists and

lim n/ M, (k,)=4,. (3.8)

n = o0

If fe C,, and its derivatives up to order 2s exist at xe{—mn, n), then

}:A PARCY (3.9)

Jim nt {K,,(f; x)—ff_:1 ac (k) S2x) =4, 2s)!

v=0

Proof. For te(—mn, ), Taylor's formula about x gives

5 (2v) s—1 £(2v+1)
flx+1) =v§0f(2v()f) >+ vgo%:‘%l ()™, (3.10)
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where g 1s continuous and lim, _ , g{7) =0. Using (3.4) one can express

- 2y : i+ v 12), 2v) LAY
f(.\'+l)=v§0f(” )(.\?)jgv(—l)'l m—<251n51>

x () y- - - j+\vt(2j’2v)< . 1)”
+v§0f (.\)j}lﬂ( 1) a0 251n21

s—1 2v+1
fl N |('\‘) 2v 41 Y g8
+v§0 ST t +g(1) 1. (311

Since k,, is even, {3.11) leads to

s—1 {28)7 -
Kn(f; ,\'): z a, l.(k,,)f‘zw(.\‘)+M2_‘.(k,,)’[(—2%)"\‘)+Sl.n"'Sz.m (312)
v=0 .
where
S * L, 124, 2v)
O S e TI R MG (A ity VAT N E REY
v=0 Jj=s+1 (2N
1 T
S, == g(t) k,(n) 1> dt. (3.14)
) 2nd _,
Therefore,

-1
lim n* {K,,(f; x)— Y a, v(k,,)f‘z“"(.\‘)}
y=0

"

{280 o)
L2 4 bim wes, 4 lim 'S, (3.15)

= A,
! (25)' n— o n— o

The first limit on the right of (3.15) is zero. To prove this, we observe
that

Y
o<~j <25in—> k(1) dt <n*M,(k,).
/<< 2 -

Hence (3.8) implies that

n 5

A .
> _.—'[l‘c“\/,_;g[ﬂgn (2 s E) kalt) di =0, s=0,1,...j—L

1
n— > 27

For any ¢ >0, choose N so that

n.‘ ) f 21
E;E_J‘lv“\/ﬁsll!s:z <2 - 5) kikt) di <e, n=N.



190 LEE AND OSMAN

Then

¥

nM w)<f—f <2ﬂmgyk(n¢+
2j\ % n \27[ m<”\/; 2 " £

1

nj-m\'

<

~

+e&.

It follows from (3.13) that

. - K25, 2v) 1N
n'sS . <C (_1)1+w : (_)
'S\ | 12%] 2\

1C S (—1yer )

J=s+1 (2»/)! '
where C is a constant independent of #. Since the series

x H2),2v)
— 1)y =
j:§+l( ) (2j)!

converges absolutely and ¢ is arbitrary, it follows that

lim »n'S, ,=0.

"=

To show that the second limit is also zero, let ¢ > 0. Choose J > 0 such
that | g(¢)| <& whenever |#] <J, and write

n'S, =1 +1,, (3.16)
where

5

n
I =— 1) 2k, (1) dt,
=5, B0 R

5

n
Li=— 1) 13k (1) dt.
=g ), B0 R

Because of the inequality ¢ <nsin §¢, te[0, n],

A <§;® Mo (k,) (3.17)
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which is arbitrarily small, since n*M,{k,) is bounded. On the other hand,

K3 t 2 ,
llzl<n el <—> 12k (t) dt
EESHES ]

2m ]
nx n 2(s+ 1)
< 27\{\;\\ <§> M., . (k) (3.18)

which tends to zero as n — oc, by (3.8). Hence lim,, , .. #'S, ,=0. ||

In order to establish the main theorems we need only to study the
asymptotic behaviour of the trigonometric moments of the periodic poly-
nomial B-splines b, , and the trigonometric B-splines 7,, ,.

4. TRIGONOMETRIC MOMENTS OF PERIODIC POLYNOMIAL B-SPLINES

Let M, :=x,_i. 12 be the characteristic function of the interval (—3, i

and for n=2,3,..., let M, :=M,« M, _, be the uniform polynomi_al
B-spline of degree n—1 (see [21, 22]). Here * denotes the operation of
convolution. The Fourier transform of M, is

o =(2242)

Let k be a positive integer, h:=2n/k and for n=1, 2, ..., we define the
uniform 2n-periodic polynomial B-spline of degree n —1 by

boilx) =Y kM, (h~'(x—2nv)), xeR. (4.1)

reZ

The Fourier coefficients of b, , can be computed from the Fourier trans-
form of M,, viz.,

- . sin hv/2\"
bn,k(V)—M,,(ln)—< 2 > . velZ (4.2)
Therefore,
by x)= Y b, (v)e™. (4.3)
ve Z

The function b, ,(x) is even, positive, and 2z-periodic. Further, b, (0)=1
and b, ((v) =1 as k— oo (ie, h—0) forall ve Z



192 LEE AND OSMAN

Let oeN. For an even 2z-periodic integrable function k,, its tri-
gonometric moment of order 2o can be expressed as

= /2 -
My (k,)=(—=1)" 3 ( G> (=1 k,(o—)) (4.4)
j=0NJ

The relation (4.4) is obtained from the definition (2.3) by expressing
2sin ¢ in terms of exponentials and then expanding the resulting expres-
sion by binomial expansion. By (4.4), the trigonometric moments of the
periodic B-spline kernel &, , are given by

20 2 )
M, (b, )=(—1)" % ( ?)(—1)"3(",1';/1), (4.5)
j=o\J
where
e sin((a—j)h/2)>’ B o
B(l,],h).-<—~—~—(0__j)h/2 s 1=1,2,.,n j=0,1,.,20. (46)

For/=1,2,..,nand j=0, |, .., 26, we define a sequence (B,,(/ j)).cn, bY

B(l,j; h)=:

.

B, (L, j) h*™. (4.7)

0

I MR

Lemma 4.1, For!I=1,2,..,nand j=0,1, .., 20,

B.’ZK([’j):ﬁf\'(a_j)sz KEN09 (48)

where

="

FrESVEEE 49)

pL=
and for 1=2,3, .., n,

>

p= 3 BB (4.10)

v=0

Proof. For I=1, we have

_sin((o—=/) hy2)

B(l,j; h -
== iy
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If j # o, expanding the sine function in powes of A gives

(—])k(o, j)2nh2;\ - .
-
. (x+1)2% EO w1, 7)

I P18

It follows that
(=D (a=j)™

BZA‘(1’1)= (2K+ 1)| 22)\'

=pYa—j)*, (4.11)

where

L (=1
ﬂ*“22~‘(2x+ ny

Note that for j=a, B(1,0;h)=1, and again (4.11) holds.
Suppose that for /<n,

Byl j)=fila~j)* (4.12)
From (4.6),
sin{(c —j) h/2)

B+ 1,j;hy=B(,j;h -
(I+1,j; )= B, j; h) Y hi2

Expanding the second factor in powers of # and using (4.7) leads to

_1 S ’7:« 2p
s (3 mai) 5 G

K =0
Taking the Cauchy product gives

.. _ - o M 2w
B(l+l,],h)—"§0< Z 2(?\7")( .]) (2)+1)|2 >h

It follows from (4.7) that

(=D (@ =j)*

2 s‘= Bﬁ;‘-_.v ls‘mv
Bo(l+1,j)=Y By._lJj) PSR

v=0
and, using {4.12), a straightforward computation leads to

B, (l+1 1)—< Z BB v>(0—j)z"=ﬁi“(0'—j)2”?

where ' =37, B, .8, 1
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LEMMA 4.2. Let jeN, and for any re N let

r
=3y v

y=1
Then S;(r) is a polynomial in r of degree j with leading coefficient 1/].

Proof. Forrz=l,
S(r—S{r—1y=¢/7"

which is a difference equation for which the solution is of the form
;
Siry=7Y a,r
r=0
where «, are constants. Therefore,

v—1
=S;(r)— r—l)—z Z “'l<‘;>r’

—Z{ Z 1)"-1av<:>}(—1)’r’.
I=0 Yv=/+1

Equating the coefficient of r’~' gives a,=1/j. |
LEmMMa 43. Let keN,. Forl=1,2,..,n,

Bl = ((;‘)) + polynomial in [ of degree < «. (4.13)
Proof. We shall establish the result by induction on x using (4.9) and
(4.10). For k=0, By(l,j)=1. Hence =1 for all /. By (4.10),

1
=" 5 (4.14)

for /> 2. Repeated application of (4.14) gives

~1) (=1
Fr=bi- 3v22=T

for any /=1, by (4.9). Hence (4.13) holds for x = 1. Suppose it holds for
x <s and for all /> 1. Using (4.10) and noting that 8} =1, we have

ﬂj 1 _ Z ﬂl 1 l (4'15)
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for any integer j>2. Summing (4.15) for j from 2 to / leads to

1 /*l.____l)_v___
pL-pi=3 Zﬂw(zv+1 e (4.16)

v=1/ =2

Applying the inductive hypothesis to the summand on the right of (4.16)
leads to

!
_ ( _
pi-pi=3 (bt G
j=2

— (-1)\ Z/ {(.__l)x*]
@)y (s—n =t
+ polynomial in {j— 1) of degree <s—1}.

j\](_l).\‘
ro - 7
2‘L"'Jr(zsﬂul)!zl‘)

By Lemma 4.2, the leading term in ¥/, (j — 1)* ' is I'/s. It follows from
(4.17) that

& ]\
ﬂ_{ =( ) +polynom1al in / of degree <s. |

LEMMA 44. For xeNandl=1,2, ...,

{(4.18)

ll\'
!
<
B <=5

Proof. By (4.9), it is clear that the inequality (4.18) holds for /=1 and
for all x e N,. Suppose that it holds for /=n and for all e N,. Then by
(4.10) and the inductive hypothesis,

RS Z 1B 1B

’Ik' LY K l v
< : - .
k! 2" E‘O <v><n>
A straightforward simplification of the expression on the right of the last
inequality leads to

(n+ 1)
k! 2%

KeNy.

1By <

The result now follows by induction. |}
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LEmMA 4.5. For any o e N,
M, (b, ) =(—1)" (2a)! B2h* + O(n" " 'h*"+?) as nh*—0. (4.19)

Proof. Using (4.5), (4.7), and (4.8), we have

20 2 = o
MZ(I(bn,k): Z < .o->(_l)ﬂ+J Z ﬁ:(a_j)-k h“k

SN o

_y <2f’>(—1)”*-’< Y+ ¥ ﬂﬁ(a—j)z”hz“) (4.20)

K=c+1

Since

27 20\ .

Y (=1 (7 )j=0 for v=0,..,2¢—1
; J

and

it follows from (4.20) that

2 2{’ 2 i e i Dn
Moy, ) =(— 1) B220) B+ Y <;>“””“ Y Bl R

i=0o K=a+1
(4.21)
It remains to show that
T BUo—j) hF=0(n"thF ) as nh®—0., (4.22)
K=ag+1
By (4.18),
X Pue-pTis ¥ L Gy
=(nh?)°+! i (a_j),zx(nhz)"*"'"1
K=a+l w! 2"
eI mh?ye Y if nk?<l.

This proves (4.22) and, hence, (4.19) follows from (4.21). ||
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Proof of Theorem 2.1. Suppose #n is fixed and s <n. By {(4.19) we have

lim — Mabo o) =(— 1) (25)! B".

r=oh?®

The result now follows immediately from Theorem 3.1. |]

Proof of Theorem 2.2. By (4.19) and (4.13)

5

_1 BRI ) . .
M, (b, )={—1)"(2s)! {(_(Z')—)—si'l_ + a polynomial in #n of degree < s} h™

+ O(n.s-+ Ihlv + 2).
Hence
(2s)!

lim 5= M,(b, )=,
nhlglo(nh')“' 2 Onx (41)" st

and Theorem 2.2 follows from Theorem 3.1. |

The proof of Theorem 2.3 is the same as that of Theorem 2.2.

5. TRIGONOMETRIC MOMENTS OF TRIGONOMETRIC B-SPLINE KERNELS

The asymptotic estimate for the de la Vallée Poussin-Schoenberg
operators 7, , depends on the estimate for the corresponding tri-
gonometric B-spline kernels t,, . For a fixed degree m an estimate for 7,, ,
as fn:=2n/k — 0 can be obtained by the same method as for the periodic
polynomial B-spline kernels. We shall omit the details which are slight
modifications of those given in Section 3. However, the analysis of the
asymptotic estimate for 7, , as m—o0 and mh—ae(0,n] requires
another approach. To this end we consider a more general trigonometric
B-spline p,,, ne N,, which is a 2zn-periodic function defined by

PoAX) = (—0) e M (e™), x€e[0,2n), (5.1)
where M, 1s the nth degree complex B-spline on the unit circle (see [ 16,

17]). The function p,, is a real-valued function supported on [0, (n+ 1) A],
h:=2n/k, and it can be expanded in the form

p"(x) — Z lv()it v 2y —{(n+ 1) h@‘l, xe [0‘ 27[ ). (52)

relZ
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where

iy L

k j=0 (V —J )

rv — #v

2!1 n M 7 l 2 )

— 11 M otherwise.

n j=0 (V _'.])
For n=2m

Pk X+ (2m+ 1) h/2)/1, =1, (x), xeR, (5.3)

the trigonometric B-spline kernel defined by (1.4) and (1.5). The sequence
p,. satisfies the recurrence relation

np(x)=2sinixp, (xX)+2sin {{(n+ 1) h—x)p,_ (x—h), neN
(5.4)

(see [5]). Applying (5.4) twice with n=2m followed by n=2m—1, a
straightforward computation leads to the following relation for 7, .

LEMMA 5.1. For meN

2(2m—1) sin® imh

- T lx)=sin? $(x+2Cm+ 1) h/2) 7, | W(x+h)

+sin? HC2m+ 1) h/2—x) 1, {x—h)

+(cos xcos h/2 —cosmh) t,,_, (x). (5.5)

The next lemma gives a recurrence relation for the moments of the tri-
gonometric B-spline kernels.

LemMMA 5.2 Let m,oeN. If M,(z, )=0(1/m’) as m—oc and
mh—a€(0,n] for j<o; then

Am (Bm.rr— Cm rr)
Mo e (T k) =5 Moty ) + —

Gm Gn, M?_ﬂ( T — 1, k)

Dm,rr 1
22 My 1 1)+ 0 (o) (56)
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where

4 =8(2m—1)s.n
m

in” Lmh (5.7)

m

B, ,=160cos* 'ihsinthsin i2m—1)h (5.8)

"

C,. ,=8cos™ Lhsin? 1(2m — 1) h + 4(cos h/2 — cos mh) (5.9)

D, =32 (220> sin? $hcos® ~2 Yhsin® {(2m— 1) h (5.10)
G, =2cos }(2m—1) hcos® 1h—2cos h. (5.11)

Proof. Multiplying (5.5) by 4(2 sin 3x)*>” and integrating over the inter-
val [ —=, n], gives

A Mo (T, =1+ 1, +4(cos hj2 —cos mh) M, (t,,_; ;)

—2¢08 SAM 5, o 1 (Th 14 (5.12)

where

1 n

1, ;=§;j4 4sin? Lx+ (2m— 1) h2X2sin S(x —h))? 7, W(x) dx
1 T 5 . )

I ;=_2;j 4sin? L((2m— 1) h/2 — x)(2 sin Hx + 1)) 1,, | W(x) dx.

Expanding sin? 1(x + (2m — 1) £/2) and (2sin 5(x —h))* in powers of
2sin jx and taking into account that 7, , is even and M,;(7,, )=
O(1/m’), a straightforward calculation gives

I,=4si0’ L (2m—1)hcos® hM, (7, _1 ;)
20_ iy 2 1 inll 2{ec—1) 1}
+16 5 sin*(2m — 1) ; h sin? 3h cos® shM o, (Th_1.4)

+cos(2m — 1) 2hcos®™ 1hMy i, o 1\(Tr— 1 i)

2 1
—4( 16> sin 3(2m — 1) hsin 3h cos® ' M, (t,, _\ ) + 0< )

n1ﬂ+2

Since k,, is even, it is clear that I, =I,. Substituting the estimates for /, and
I, into (5.12) leads to (5.6). })

640/83/2-3
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LEMMA 53. Let m,aeN. As m — oc and mh —ae (0, n],

G,,= —4sin” lmh+ 0O <l> {5.13)
m
A 1

e 440(— 14
G. + <m) (5.14)

-1)B 1
(i——)—uz —8am sin 14 cot %mh+0<—> (5.15)

G, B m

(rn—'l)sz,a_ 20 i L2 1
G, ———8<2>(msm 3 +O<m> (5.16)

(m— l)(Am_Cm.ﬂ)

1
=2(1 —msin 3h cot %mh)+0<—*>. (5.17)

Gm m
Proof. From (5.11)

G, =2(1—-2sin>}(2m—1)h)cos* $h—2cos 1h
= —4sin’ L 2m—1)h+ O(h?)
= —4sin’ imh + O(mh?)

as m— o0 and mh - ae(0, n].
The estimate (5.14) follows from (5.13) and

A,, =16 sin? smh + O(mh?) (5.18)

which is obtained directly from (5.7).
By (5.8) and (5.13)

G, sin? mh

(m=1)B, , —4m—1)acos™ ' thsin 1h sin%(2m~l)h+0<l>
m

1
= —8asin Jhcot imh+ O <—>
m

The estimate (5.16) is obtained in the same manner.
To prove (5.17), we first express

_1 3 . 2,
(m—1)4,,—C,. ) =(mmz ) {8m(2m — 1) sin® $mh — 8m? sin® § cos™” 3k

—4m*(cos 3h —cos mh)},



ASYMPTOTIC FORMULAS FOR CONVOLUTION OPERATORS 201

using (5.7) and (5.9). Expanding sin*}(2m—1)4 in terms of sin imh,
cos imh, sin § h, and cos § h, a straightforward simplification leads to

1
(m—1)(A,,~ C,, ,)=—{(8sin* imh)(1 —m sin }h cot mh) + O <~—>

m
(5.19)
The estimate (5.17) now follows from (5.19) and (5.13). |}
LEMMA 54. Let m, o€ N, and suppose that
20)! ) 1
m M, (1, )= (jf;)— (1 —msin A cot imh)” + O <;> (5.20)
! 1
as m— o and mh — o€ (0, ). Then
("1 - 1 )U+ ! {Mlﬂ(tm.k) - M:H(T”,7 1. k)}
—(20)!
- —(29) (1 —msin $h cot tmh)” !
(e —1)! -
(m sin $h)? ) < 1 )
1 — = o{— . 5.21
X( sin mh sin 5(m— 1) h T\ t>-21)

Proof. Writing
(m— 1)”+] {MZU(TIW,[()_Mzﬂ(T’"*l.k)}
=(n1—' 1){(m_ 1)6 M:’.n(rm.k) _(’n—l)ﬂ Mln(rm—lAk)}

and expanding (m —1)”, the coefficient of M, (7, ,) on the right of the
equation, in powers of m, leads to

(m— 1)ﬂ+] {Mln(Tm,k)—MZ!(I(TmAl,k)}
:(m — l){nlﬂMzﬂ(r,,,Ak) —(nl— 1 )U M?_ﬂ(rm—- l.k)}

I
—am’M,,(t,, )+ O <—>
m

(m—1)20)!
:—-———;!—_—_

~(1—(m—1)sin Lhcot J(m—1)h)"}

{(1 —msin i cot imh)”

1
) (1 —m sin 5h cot smh)” + O <;’—1> (5.22)
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The last equation is obtained by applying the assumption (5.20). The
expression

(1 —msin 1A cot Imh) — (1 — (m— 1) sin Jhcot 3(m— 1) h)”
in (5.22) can be written in the form

{(m—1)sin 3h cot 3(m—1) h—m sin 3 cot 3mh}

o—1
x Y (I—(m—1)sin jacot {{m—1)h)

i=0
x (1 —msin $hcot ymh)” '~/
m sin® 1h
~ sin imhsin {m—1)h

—sin 34 cot 3(m — l)h}

1
xa(l —msin Lhcot imh)"~ '+ O (;;)

With this estimate, (5.22) becomes

(m_ 1)”+1 {Mlﬂ(Tm.k) _MZﬂ(T,,,*l.k)}

(20)! ; - (msin ;h)?
= ] — 1 % W) 1 :
(a—l)!( m sin 3h cot smh) i T sim Lo TV
20)! _ |
_(((fj)l)‘ (1 —msin $hcot imh)” "' msin sheot S(m—1) A
!
o) (1 —msin JAcot imh)” + O l)
(e—1)! 2 m

which simplifies to (5.21). |

THeorEM 5.1. For m,je N,

N
m' M, Z'n,‘k)=(~2!-)—.(1—m sin 14 cot %mh)j+0<;’l-;> (5.23)

!

as m—» o and mh—ae(0, n].

Proof. We shall establish the result by induction on j. When j=1, (2.3)
gives

mMZ(TnLk) = zm(l - f1)’
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and a straightforward simplification using (1.5) leads to

1
mM,(t,, ;) =2(1 —msin Shcot %mh)+0<;>. (5.24)

Therefore (5.23) holds for j=1.
Suppose that (5.23) holds for j <e. Then by (5.6),

(nl_ 1)”+) M21a+]j(rmfl.k)

=(,’"___IG)E':ﬁ (M (T 1) — Moo T 1 1))
m:.l_)Gil_é’iﬁMz,,(Tm_l,k)
+(m - I)UHG(Am“ Con.o) My (7,1 &)
_(_”.’:J_)(;_;_lf_nu My (T )+ O (%)

Applying the results of Lemmas 5.3 and 5.4 and the inductive hypothesis
to each term on the right-hand side, the above equation simplifies to

(m'— 1)ﬂ+1 M2(a+]h(rm—l,k)

_(20+2)!

. 1
= e (1 —msin 1h cot %mh)”*'+0<-—>.
a+ 1)

m

The result now follows by induction. ||

Proof of Theorem 2.5. Tt follows from (5.23) that for je N

) . (2 x  a\’
”,ll_r.r}xnz<’M2j(r",_k)=7J!— I_ECOtE ,

where the limit is taken as m — o¢ and mh — a € (0, z]. Theorem 2.5 now
follows immediately from Theorem 3.1. |
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